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Abstract 

O , . In this paper we show that problem of proving the existence of a countable 

number of solutions to the static spherically symmetric SU{2) Einstein- Yang-Mills- 
I dilaton (EYMd) equations can be reduced to proving the non-existence of solutions 

bX), to the linearized Yang-Mills-dilaton equations (lYMd) satisfying certain asymptotic 

conditions. The reduction from a non-linear to a linear problem is achieved using 
a Newtonian perturbation type argument. 

> 

rn '. 1 Introduction 

CO I Unlike the four dimensional Yang-Mills (YM) equations which have no static solutions 

of finite energy [9,10], the Euclidean SU{2) Yang-Mills-dilaton (YMd) equations were 
shown numerically to possess a countably infinite sequence of static, globally regular, 
■ spherically symmetric solutions [5,18]. Existence of these solutions was rigorously es- 

tablished using shooting techniques in [15]. The dilaton play the role of an attractive 
force which counterbalances the repulsive nature of the Yang-Mills fields and this makes 
it possible for static solutions to exist on flat space. This is a simpler situation compared 
to the more well known Bartnik-McKinnon (BK) static solutions in Einstein- Yang-Mills 
' (EYM) theory [4] where gravity is the counterbalancing force. 

In the papers [6, 19] it was found, again numerically, that the YMd solutions persist 
when the Yang-Mills and dilaton fields are coupled to gravity. The result is a countably 
infinite sequence of static, globally regular, spherically symmetric solutions to the SU (2) 
Einstein- Yang-Mills-dilaton (EYMd) equations with the same qualitative behavior for 
the Yang-Mills and dilaton fields as when gravity is absent. These solutions limit to the 
BK solutions as the dilaton coupling constant goes to zero which helps to explain why 
the Yang-Mills fields for the EYMd solutions have a similar behavior to the BK solutions 
where there is no dilaton field. 

In this paper we show that problem of proving the existence of a countably infinite 
number of solutions to the static spherically symmetric SU{2) EYMd equations can be 
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reduced to proving the non-existence of solutions to the hnearized Yang-MiUs-dilaton 
equations (lYMd) satisfying certain asymptotic conditions. The reduction from a non- 
linear to a linear problem is achieved using a Newtonian perturbation type argument. 
Unfortunately, we have not been able exclude the possibility that there exists solutions 
to the lYMd that satisfy the asymptotic conditions. The main reason for this is that the 
YMd solutions obtained in [15] about which we linearize are unstable due to the presence 
of a negative part of the spectrum for the lYMd operator. This means that one cannot 
expect that a simple integration by parts argument will work to rule out solutions to 
the linearized equations. Instead we have to directly analyze the linearized equations 
which is difficult because we do not have much information about the YMd solutions 
other than that they exist and some asymptotic behavior. However, we conjecture that 
there does not exist solutions to the lYMd equations that satisfy the required asymptotic 
conditions. If this were the case then we would have a full existence proof. 

Although the static spherically symmetric solutions to the SU{2)-EYMd equations 
are unstable, they may still be physically relevant as stringy generalizations of the BK 
solutions which arc very similar to sphalerons [11]. Indeed, sphalerons, which are unstable 
static solutions of the classical equations for the bosonic sector of the electroweak theory, 
are believed to be responsible for violations of the conservation of baryon numbers at 
high temperatures [1,23]. Therefore, it is possible that the static EYMd solutions could 
play a role in the violation of the conservation of baryon and lepton numbers at high 
temperatures. 

The Newtonian perturbation argument in the form that is employed in this paper was 
developed by Lottermoser in [20] and subsequently used by Heilig to establish the exis- 
tence of slowly rotating stars [16] . It was also used by the author to provide an existence 
proof for the gravitating BPS monopole [22]. These results and the results of this paper 
show that Newtonian perturbation method is a useful approach to take in investigating 
the existence problem in general relativity for static or stationary matter models. In ad- 
dition to establishing existence, the method also provides an analytic deformation from 
a Newtonian solution to its general relativistic counterpart. The deformation parameter 
can be interpreted as 1/c^ where c is the speed of light. So a Taylor expansion in 1/c^ 
can be considered as a converging post-Newtonian expansion. In this way, the Newto- 
nian perturbation argument can be thought of as the inverse of the Newtonian limit were 
Newtonian solutions are obtained from general relativistic ones via the limit 1/c^ — > 0. 
An attractive feature of the method is that it produces solutions to the Einstein field 
equations where the matter fields are uniformly close to the their corresponding Newto- 
nian ones. This means that the properties of the Newtonian solution pass directly to the 
corresponding relativistic solution. 

The approach we take to establishing existence of static spherically symmetric solu- 
tions is different from previous approaches which rely on the fact that in spherical sym- 
metry the static Einstein equations reduce to ordinary differential equations to which 
dynamical systems theory can be applied. The papers [7,24,25] which contain existence 
proofs for the BK solutions in EYM theory exemplify the dynamical systems approach 
to existence. The main advantage of our approach is that it is in principle not restricted 
to spherical symmetry which is important considering that it is known, numerically at 
least, that static axially symmetric solutions to the EYMd equations exist [17]. We note 
that a large amount of work has been done on gravitating gauge fields both numerically 
and analytically starting with the pioneering work of Bartnik and McKinnon. For a 
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comprehensive review see [26] 

This paper is organized as foUows: in section [2] we set up the equations in a form 
suitable to use the Newtonian perturbation method while in section |3] we review the 
theory of weighted Sobolev spaces. The Banach spaces for our field variables (i.e. the 
dilaton field, gauge potential, and metric density) are set up in section |3] and then in 
section ^ the field equations are shown to be smooth on those spaces. In section [5] we 
discuss the YMd solutions of [15] and their asymptotic properties. Sections [7][9] contain 
the Newtonian perturbation argument. In these sections it is shown that if there are 
no solutions to the lYMd equations satisfying certain asymptotic conditions then the 
static spherically symmetric YMd solutions of [15] can be continued smoothly to static 
spherically symmetric solutions of the full EYMd equations. 



2 EYMd equations 

For indexing of tensors and related quantities Greek indices, a,/3,7 etc., will always run 
from to 4 while Roman indices, i,j,k etc., will range from 1 to 3. We will use bold 
letters such as x to denote points in R^, i.e. x = {x^,x^,x^). 

Let g denote the Minkowski metric on K'*. Fix a global coordinate system (a;", a;^, x^, x^) 

o 

so that 

5„^ = diag(-A-i, 1,1,1) (2.1) 

o 

where A is a dimensionless parameter. From the way A appears in the metric (j2.ip it is 

useful to regard A as acting like 1 /c^ in which case the limit A — > can be thought of as 

an analogue of the Newtonian limit. Define g"^ by (5"'^) := (gap)^^ which gives 

000 

5"'5=diag(-A, 1,1,1). (2.2) 

O 

Define the Minkowski metric density 

g"/3 :^ where [gl := | dct(g„;3)| . (2.3) 

000 o o 

Assume that gap is another metric defined on R'*. Let {g°'^) := (^q/j)"^ and introduce 
the density 

ga/3:=|g|ig«/3 where [5! := | det(g„^)| . (2.4) 
Following Lottcrmoser [20] , we form the tensor density 

ii-^ -.^ . g-f^) (2.5) 

4A2 o 

which will be taken as our primary gravitational variable. Observe that the metric g"^^ 
can be recovered from il"^ by 

= ^g"'^ 



V\9\ 

where g"'' = g"'^ + AX^ii'^'^ and \g\ ^ \ det(g°^) 
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Letting G be a fixed constant and A^G be the gravitational coupling constant, the 
Einstein equations 

Go^p = 87rA2GT„;3 (2.6) 
can be written in terms of the density (|2.5p as [20] , 

47rG|l)|r"'^ = ^"'^ + S"'^ + G"'^+i:'"^, (2.7) 

where 

0"/3 _ yXfl"^, (2.8) 



-a/3 



VA£I„^ where (fla^g) (0"'')-\ (2.9) 

o o o 

yXg"'^ ^ ^ 4;^2j^a/3^ (2.10) 

O 

\/A0<,^ where {q^p) ■= (2.11) 
:= Adet(0"'3)^ (2. 12) 

A^P 2 (ig^.fl^p - 0p^0^.) (fl^'^g^" - ifl^'^fl"^) (2.13) 

B"'' := 4Afl«, (20'^("il^)",pil'"',^ - i0"/3^V^il"'>'p - 0TPil"^^il^-p) , (2.14) 

C"^ := 4A2 (5i"^',,ii«'',p - il"",pil^%) , (2.15) 

_ 0M-ii"/3^^^ + 0"^U^^p. - 2U^(",p,0'^)^ (2.16) 
and T"'' is the stress-energy tensor. Following [16], we choose harmonic coordinates 

\/^\/°'x^ = , or equivalently il"^,/, = , 
which allows us to write the full Einstein field equations as 

il"'',/3 = 0, (2.17) 

47rG|c)|T"^ = , (2.18) 

where 

:= Q^""^r^,^u + (il^'^il^'^^p^ -I- U"%'^'',p^ - 2ii'^(",^^5i'')'- 

O ^ 

+A"/3 + B"/3 + C*"^ . (2.19) 

The equations (|2.18p will be called the reduced field equations. 

It is important to recognize that for A > the reduced field equations (|2.18p are 
not equivalent to the Einstein field equations (|2.6p or equivalently (|2.7p . However, it is 
shown in [16] §6 that if T^^.^p = and (|2.18p can be solved and the stress-energy tensor 
T"'^ satisfies certain conditions then the harmonic condition (|2.17p will be automatically 
satisfied. In this case, a solution to ()2.18p will actually be a solution to the full Einstein 
equation (j2.6p . 

We will let A = Aadx" denote the 5'[/(2)-gauge potential and the dilaton field. 
The SU(2) Yang-Mills-dilation equations are 

(e^'^'^'F^^) = , (2.20) 
V"VaV - ^e^^'^g" V"(^ap|F/3.) = , (2.21) 
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where Dq(-) '■— Vq(-) + [Aa,-] is the gauge covariant derivative, ly is the Yang-Mills 
coupling constant, {id, k} is the dilaton coupling constants, 

Fap := A/3,a - Aa^.p + K, Ap] (2.22) 

is the gauge field strength, and (-I-) is an Ad-invariant, positive definite inner-product 
on su(2). Multiplying (|2.20p and (|2.2ip by \/A|g| and A|g|, respectively, we find that 

{FcP,. - T^.F^p - T'^p.F^^ + 2k^P^,F^p + [A,,F^p]^ = , (2.23) 
U,c.p - T%i^^, - -^j=Q^^{F^^F0,) \ =0, (2.24) 



where the Christofi^el F^^ symbols are given by 

r^-y = 0"^(20/3ct07t - fl/370<TT)n'^'^,M + 2A(flcrT'5"/3^'''^,7) " 20^(^11"'^^^)) . (2.25) 

The stress energy tensor is given by 

lye^'^^ (g^^g^-g^^F^^lF^r) - h""" 9^^ 9"^ (Pf^'^lF^r)) ■ (2.26) 

Using the YMd equations (|2.20p - (|2.2ip , it is straightforward to verify that any YMd 
solution satisfies 

T"l^.p = (2.27) 

automatically, irrespective of the metric. Consequently, it will be enough to solve the 
reduced field equations (|2.18p and the YMd equations (|2.20p - (|2.2ip to obtain a solution 
to the full EYMd field equations. 
Let 

T"'^ := 47rG|t)|r"^ (2.28) 

so that 

4nG-^e^-^ {r''f''r^{F^.a\F.r) - ^^"'9"'^^ {F^..\F,r)) ■ (2.29) 



2.1 Interpretation of solutions for varying A 

Solving equations ([2T7l) . ([2?T8l) . (l2?20l) . and ((2?2T|) via the Newtonian perturbation 
method will produce a 1-parameter family of solutions 

{g^^p,At^^} Ae(0,A) 

which will solve the EYMd equations 

Gap = SnGxTo^p Gx A^G , (2.30) 
L»" (e^'^'^'Fa^) = , (2.31) 

V"V„V - ^e^^'^g" V"(^ajF/3.) = . (2.32) 
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The maximum interval (0, A) for which the one parameter family of solutions is defined 
will, in general, depend on the equations and the "Newtonian solution" (i.e. the singular 
solution at A = 0) that is used to start the perturbation argument. We will not discuss 
methods in this paper to estimate the size of A and therefore will have to consider the 
size of A as unknown. 

Equation (|2.30p shows that the limit A ^ is equivalent to the limit that the grav- 
itational coupling constant Gx — > 0. However, this is not the only interpretation of the 
limit A ^ 0. Rcscaling the fields as follows 

5a/3 := A-2g^^ , , and V := AV'^ 

shows that {<?q/3, V'} solve the EYMd equations (|2.30p - (|2.32p with the following 
change of coupling constants 

Gx'-^G, Iy^^y, (d ^ (d, and k^k/X. 

Thus the limit A ^ can be also interpreted as the limit that the dilaton coupling 
constant k — > cx3. We conclude there does not exist a unique interpretation of the limit 
A — > and moreover only certain variables will be defined in the limit A — *■ 0. In our 
case, the variables that continue to be defined at A = are the unsealed dilaton field V', 
the gauge potential A^, and the metric density 'dap- We stress that the metric gap does 
not exist at A = 0. 

Since we do not know the size of A, the Newtonian perturbation method does not 
necessarily produce solutions for all possible values of the coupling constants. Consider 
{G, ^d^ K, £y} as a set of coupling constants in some fixed units for which we would like to 
have a solution to the EYMd equations. If A > 1, then we could choose A = 1 and in that 
case G\ — G and we would have a solution to the EYMd equations for the fixed coupling 
constants {G, £d, £y}- On the other hand, if A < 1 then G\ < G and we will have to be 
satisfied with a solution to the EYMd equation where the gravitational coupling constant 
is smaller than G. As discussed above, we could rescale the metric and the dilaton field to 
get a solution where Gx = G provided that we change the dilaton coupling constant k to 
k/A. Thus in general the solutions that the Newtonian perturbation methods produces 
will have some restriction on the size of at least one of the coupling constants. 



3 Weighted Sobolev Spaces 

Let V denote a finite dimensional vector space with norm | • |. 

Definition 3.1. The weighted Lesbegue space L^(K", V), 1 < p < oo, with weight S E 
is the set of all measurable maps from M" to V in L^^^(R", V) such that the norm 



\W\\p,S 



ess sup][j„(cr~''|u|) if p = oo , 



is finite. Here cr(x) := ^\x\'^ + 1. //!/ = R then we write instead of Ll{W\ V). 
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Definition 3.2. The weighted Sobolev space V), 1 < p < oo, k G Nq, with 

weight 5 G R is the set 

W^'f (R", V):={u€ LP{R", V) \ d^u € (R", V) for all I : \I\ < k} 
with norm 

\\u\\k,p,s ■■= \\^^^\\p,s-\i\ > 
\i\<k 

where I — (/i , /2 ,...,/„ ) is a multi-index and := d^^ d^^ ■ ■ ■ 9^" . // V" = K then we 
will write W^'^'(M") instead of 

From the definition, it is clear that differentiation 

dj : WJ'''(R", V) W^:i^'P(R", V) (3.1) 

is a continuous Hnear map. Also from the definition and Holders inequality it is easy to 
show (see also [2], proposition 1.2 (i) ) that if fci > k2 and Si < S2 then 

W^^^'^(IR", T/) C Wj^='P(IR", V) . (3.2) 

Finally, wc note that the set (R" , V) of smooth maps from R" to V with compact 
support is dense in W^'^(R", V). As above, if 1/ = R then we write C^(R") instead 
of C^(M",F). We will now state some results in weighted Sobolev spaces that will be 
needed. For proofs see [2] and [8]. 

Lemma 3.3. // there exists a multiplication Vi x V2 — > V3 {u,v) 1— > u ■ v then the 
corresponding multiplication 

W'.l^P iR",Vi)x wll^PiR",V2)^ <^'^(R",^3) : {u,v)^u-v 

is bilinear and continuous if k\,k2 > ks, fcs < fci + ^2 — n/p, and 5i + ^2 < ^3 • 

Proof. See lemma 2.5 in [8] for the case p = 2. For all p this can be proved easily using 
theorem 1.2 of [2]. □ 

Theorem 3.4. For 6 <0 the Laplacian 

n 

A := : W^'^(R",y) ^ tt^^-l'" i^" 

is continuous and injective. Moreover if2 — n<6<0 then the Laplacian is an isomor- 
phism. The inverse is given by 

where a;„ is the area of the unit sphere in R" . 

Lemma 3.5. For ki > k2, 61 < 62, and 1 < p < 00 the embedding 
W^^^'^'(R",F) ^ W^^''P(R",F) is compact. 
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As with the Sobolcv spaces, wc can define a weighted versions of the C'^'"(M",y) 
spaces. For a map u G C\M? ,V) and J e M, a > , let 

|H|,o.:=|Hbo+ sup sup \<f-<y)\ ). 

Using this norm we define the norm || • ^^k.a in the usual way: 



|j|<fe 



So then 

C5^'"(R", y) := { w G C'=(R, V) I ||«||^.,. < oo } . 



4 Static spherically symmetric fields 

We assume that all the fields are static and that 5o is a timelike hypersurface orthogonal 
Killing vector field for the metric. Therefore Soil"'' = 0, d^Aa = 0, 9oV' = 0, and 
il^o = = 0. Since 11"'' is symmetric, i.e. il"'' = il''", we define the following subspace 

of the 4 by 4 matrices 

§ := { X = (X"'') e M4X4 I X'^^ = X^^" and =0} . 

Then letting II = (11"''), 11 takes values in §. We will also assume that Aq = 0. Therefore 
if we write the gauge potential Ai as a 3-tuple A = (Ai, ^2, ^3) then the gauge potential 
A takes values in the space 0u(2)^ which carries a norm 

W ■■^ll^=Mi\^^)■ Therefore 
W^'^(R•^S), W*^'''(M3) and ^Y{9?,su{2f) are appropriate functions spaces for the 
static metric densities, dilaton fields, and gauge potentials, respectively. 

In addition to being static, we will also assume that our fields are spherically sym- 
metric. To define what wc mean by spherical symmetry we first necid to specify an ac;tion 
of 50(3) on spacetime M*. We want 50(3) to act on the hypersurfaces orthogonal to 
the timelike killing vector field d^. So using the matrix representation of 50(3) given by 
50(3) = { a e M3X3 I a* = ar^ and det(a) = 1 } we define a 50(3) action on spacetime 
by $ : 50(3) x M'' ^ . (-^^ (x°,x)) $a(a;°,x) := (a;°,ax) where we are treating x 
as a column vector and ax denotes matrix multiplication. We then get the induced ac- 
tion on functions via puUbacks. Therefore 50(3) acts on the dilaton field V'(x) as follows 
$a(V')(x) := ^(a*x). Lifting the 50(3) action on spacetime to the tensor bundle, we get 
the following action on the metric densities (l?a(ll)(x) := all(a*x)a* where a := diag(l, a). 
Let Co°(IR^) denote the set of smooth 50(3)-invariant functions with compact support, 
i.e. CJf (K3) ;= { e CJf (R3) I = <^aip for all a G SO{3) }. In other words, Cg°(R3) is 
the set of radial functions on R"^. Similarly, define 

Cg°(R^§) := {il € Cg°(R^ §) I il = $alt for all a e 50(3) } . 

In addition to being spherically symmetric, we will assume that our gauge potential 
is purely magnetic. Choosing an appropriate gauge, the gauge potential can then be 
written as [3] 

Aj(x) := u{x)ei^kx''Tj 
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where u(x) = u(|x|) and 

1 /O l\ 1 /O -i\ 1/1 \ 

^'^2l[l 0j'"^=2^^,^ ) ^ = 2^ [o -ij' 

is a basis for su(2). This form of the gauge potential is known as the Witten ansatz. 

We then define the set of smooth static spherically symmetric purely magnetic gauge 
potentials with compact support by 

:= {A : ^ 5u(2)3 | A,;(x) = u(x)e^^'fca;Vj for some u e C^{R^) } . 

Notice that every A e A^ satisfies 

3 

divA:=J2d,A,=0. (4.1) 

So then the spherically symmetric Sobolev spaces we consider are 

VfP :=Cg°(M3)cW5'^(R3), (4.2) 

Ug'P := Cff (M3,§) C wfP{R\S) , (4.3) 

and 

^^'P -.^A^C W^^P(R^ su(2)3) . (4.4) 

Because of (|4.ip we have 

divA = for aU A e A^g'^ (4.5) 

by the density of A"^ in .4^''^ and the continuity of differentiation (see (|3.ip ). Therefore 
each A e A^'^ automatically satisfies the Coulomb gauge condition. 

We now analyze the Laplacian A = X]^=i the spherically symmetric spaces 

Proposition 4.1. For —l<d<Q the Laplacian A : D^'^ — > I?^^2 isomorphism. 

Proof. Straightforward calculation shows that A(Cjf (M^)) C Cg°(R3). Using formula 
([331), it is not difficuh to verify that if tjj € C[f (R^) then <i>a{A-^ip) = A'^V for all 
a G 5*0(3). The proposition then follows from these two results and theorem 13.41 □ 

The next proposition is proved in the same fashion. 

Proposition 4.2. For — 1 < 5 < the Laplacian A : Ug'^ — s- Ug_2'^ is an isomorphism. 

We will often use the following notation 

r := |x| and (•)' = ^ . 

dr 

The next proposition is interesting because it shows that on the space of the spherically 
symmetric gauge potentials, the Laplacian is invertible for a larger range of weights 5 
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than one would expect from theorem 13.41 The reason for this is that the Laplacian 
(see equation (|4.6p below) acting on the space of spherically symmetric gauge potentials 
is essentially equivalent to the Laplacian acting on the space of spherically symmetric 
functions on M^. We note that this observation has also been used in [14] to construct 
global solutions of the Yang-Mills equations on Minkowski spacetime. 

Proposition 4.3. For —2 < 5 < 1, 5 ^ —1,0, the Laplacian A : y^^'^ — > j^g^2 ^''^ 
isomorphism. 

Proof. By definition of yljf , if A e then A^ = u{r)ei^ kx'^Tj for some u £ C^{R^). 
So 

AA, = (^u"{r) + ^u'{r)^ e.^^x'^r, (4.6) 

and hence /S.{A^) C . Therefore A : A?^'^ —> A^s-2 continuous by the density of 
and the continuity of A : W^'P(R3, su(2)3) ^ ,BVi{2f ). 

Suppose A € .4^'^ satisfies AA = 0. Then by elliptic regularity A e C°° and hence 
Ai — u{r)ei^ kX^Tj for some smooth function u{r) on [0, oo) that satisfies (i) u{r) = 
Mo + O(r^) as r — > for some constant wq and (ii) the differential equation 

u"{r) + -u'{r) =0. 
r 

However, the general solution to this equation is u{r) = ci + C2r~^ for some constants 
ci, C2. This shows that u{r) — uq as u{r) is bounded near r — Q. So Ai{x) = uoei^ kx'^Tj. 
Any positive definite invariant product (-I-) on 5u(2) is given by {A\B) = — 2aTr(Ai?) 
for some a > 0. A short calculation then shows that jei^fcx'^Tjp — 2ar^. Using this we 
find that \A{x)\ = V2a\uo\r. This shows that A £ Af'' for 6 < I only if uq = 0. This 
establishes that ker AI -2,p = for (5 < 1. 

It follows from theorem 1.10 in [2] that A : W^'P(M3, su(2)3) ^ W°f2(IS^ su(2)^) has 
closed range for —2<S<1 and S ^ —1,0. This implies that A : yl^'^ ^ A^'^ also has 
closed range for the same values of S. With respect to the pairing {A, B) = J {A\B)d^x the 

Laplacian has a formal adjoint A* A. Since W°f2i^^,su{2f)* = W^f'_g{R^ ,su{2)^) 
where p' = p/{p— 1), it follows from propositions 1.6 and 1.14 of [2] that ker A* C 
W'^f_g{lS?,su{2)). Therefore the arguments in the previous paragraph show that 

dimcokerAl .2,p= dimkerAl .2,p =0 (4.7) 

for —2 < d < 1. Hence A is an isomorphism for S 0,-1 and —2 < d < 1. □ 



5 Yang-Mills-dilaton solutions 

To employ the Newtonian perturbation method, we need static solutions to the Euclidean 
YMd equations 

Aa-^e'-S^^S'^'{F!^\F^)^0, (5.1) 
S^'idkF^ + 2KF^dka + [Wu.Fjl]) = . (5.2) 
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Assuming that a is a function of r only and 



W,{r) := !^^i!jLJe,Jfea;V, , (5.3) 



the YMd equations ((?7T|) - ([0|) become 



w" = -2Ka'w' + ^ , (5.4) 



It is easy to check that 

wyr) :~ w 1= — r and air) :— Zna 

^ ' \ VTd J ^ ' 

satisfy (|5.4p - (|5.5p with k — 1/2 and Anly/td — 1- Therefore, we can, without any loss of 
generality, consider the equations 

w" = -01 w' + -^^ ' , (5.6) 

(r^a')' = [w'^ + ^""'^^/^' ^ . (5.7) 

We note that these equations have a scaling symmetry. To be precise, if (w(r),Q;(r)) is 
a solution then 

wsi{r) ■= w(e^/2^) af3 := a{e'^/^r) - [i (5.8) 

will also solve the equations for any /3 e M. 

The next theorem provides the existence of an infinite number of solutions to (|5.6p - 

(ET 



Theorem 5.1. [theorem 1, [15]] There exists a sequence n = 1, 2, 3, . . . of analytic so- 
lutions (w„(r), Q;„(r)) to the YMd equations (|5.6p - (|5.7p defined on (0,oo) such that Wn 
has precisely n zeros and limr^oo w„(r) = (—1)". 

Remark 5.2. It is also established in [15] that the solutions (i«„(r), Q!„(r)) from theorem 
I5.il satisfy the following 

1. \\mr^oaCtn{r) — const, 

2- \w\ < 1, G o(r^^) and a'^ = 0(r~^) as r ^ 00, 
3. Wn (r) and an (r) are analytic in a neighborhood of r — and 

= l-/3„r^ + 0(r^) asr^O 

for a constant /?„ > 0. 
4- w'^ is either strictly positive or negative for r large enough. 
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By using the scaling transformation (j5.8p . we can assume linir^oo otnii") — . 

These are the solutions that we wiU use to start our perturbation argument. However, 
for these solutions to be useful for our purposes we will need more information about 
their large r behavior. The required information is contained in the next proposition. 

Proposition 5.3. Suppose {w{r),a(r)) is a solution to the flat YMd equations (j5.6p - 
(|5.7p defined on (0,oo) that satisfies \w{r)\ < 1 for all r e (0, oo), limr\ow'(r) = 0, 
limr-,oo w{r) = 1 or limr^oo w{r) = —1, limr^oo Oi{r) — 0, w' = o(l/r) and a' — 0(r^^) 
as r oo. Furthermore, suppose that there exist a R> such that w'{r),w{r) > or 
w'{r), w{r) < for all r > R. Then for any e G (0, 1); w" = Oir-^'-^), w' = 0(r-2^), 
w - I or w + 1 = 0(r~^''+^), a" = 0{r~^), and a = 0(r"^) as r ^ oo. 

Proof. Define 

u := 1 ~ 

and 

n, 1 — Ul^ „ I . W' 

^± ■■= 2WW ± —rjTT ■ 

Note that 

0<it(r)<l Vre(0,oo) 

as \'w\ < 1 on (0,oo). Also note that Z can be written as 

„ u . w' 
-+u' ±—j^. 

Lemma 5.4. If w' {r),w{r) > {w' {r),w{r) < 0) for r > R and there exist a R* > R 
such that Z+{r) < (-^-(r) < 0) for all r > R* then w' = 0(r~^) as r ^ oo . 

Proof. We only prove the case where w'{r) and w{r) are both positive for sufficiently 
large r. The other case can be handled using similar arguments. Since w{r) > for 
r>R, Z+{r) < for r > R* implies that 

1 u' 

-<-- yr>R* 
r u 

as w > 0. Integrating this expression between R* and r yields 

lnm<ln^"(^*) 



R*J V 
or equivalently 

u{r)<— \/r>R* (5.9) 
r 

where C = u{R*)^/R*. Note that (15. 6p can be written (e"w')' = —r~^wu. Then for 
r > R* , integration yields 

/"OO 

e"('^)?i;'(r) = / (since lim e"('''w;'(r) 0) 



{•OO ^ 

< / —dp (by dSSl) and \w\ < 1) 

Jr P 



_ 2C 1 

The result then follows since w'{r) > for r > R and limj.^oo c({r) =0. □ 
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Lemma 5.5. If w' (r),w{r) > {w' {r),w{r) < 0) for r > R and there exists a R* > R 
such that Z+{r) > {Z^{r) > 0)/or all r > R* then for any e € (0, 1) w' = 0(r-2e). 

Proof. Again, we only prove the case where w'{r) and w{r) are both positive for suffi- 
ciently large r, with the other cases following from similar arguments. Since limr^oo w{r) = 
1 there exists a. R > R* such that w{r) > for all r > R. Therefore, Z^{r) > for 
r > R* implies that 

w(l — vP') 2uP'w' ww' „ , , ~ 
-^—^ — + ^>0 Vr>i? 

as w' > for all r > R. It then follows from (|5.6p that 

, , 2w'^w' ww' ^ „ 

V r > R . 



r 



2^3/2 



Fix e G (0; 1). As lim,.^oo w(r) = 1, there exists a. R^> R such that w{r) > ^/i for all 
r>R,. Thus 

-w" -a'w' >—w' - Vr>i?e. (5.10) 

r 2?"'' 

Note that in deriving this inequality we have also used \w\ < 1. Dividing (|5.10p by w' 
yields 

y >-a' + — - V r > i?, . 

w r 2r'^i 

Integrating gives 

'"(^)>"W-"(«.) + '..ns;J j-;^ 




and hence 



w'{r) < , Vr>iZ, 



The proof then follows as limr^oo a{r) = and u/(r) > for all r > R^. □ 
Lemma 5.6. 

w' = 0(r-2<^) /or anj/ee (0,1). 

Proof. We need to consider two cases, namely w'(r), w{r) > and w'{r), w{r) < for r > 
i?. We will prove the lemma assuming that w'{r)^ w{r) > for r > R with the other case 
following from similar arguments. We may assume that there exists a sequence {r„}J^]^ 
such that i? < ri < r2 < ra < . . ., lim„_^oo fn = oo, and Z+(r„) =0 n = 1, 2, 3, . . . 
because otherwise we are done by lemmas 15.41 and 15.51 From ()5.6p , it is easy to verify 
that u = 1 — w'^ satisfies 

u" = ^u-2\w'\'' + 2wa'w' . (5.11) 



Define 



fir) ■.-2\wT + ^+(^ + ^^ 2wa' ) w' . (5.12) 
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Since a' = 0(7" |w| < 1, and w'{r) > for all r > R, there exists a R> R such that 



/(r)>0 yr>R. 
Choose m € N large enough so that 

r,„ > R . 

By definition of the r„ we have 

■^+(?^m) = 1- u [rm) H = 



(5.13) 



(5.14) 



(5.15) 



Consider the following initial value problem 

2 3w' 



wu 

~J2 



v{rm) = u{rm.) v'{rm) = u'{rm) . 



From (|5.1H) and (|5.16p we see that 



(5.16) 
(5.17) 



{v — u)" = — w'^w) + /(r) , 



(5.18) 



Then \w\ < 1, dSUl), (|5A3l) . (|5l7)) . and ([SlS]) imply that (w - u)"(r„) > 0. Therefore 
there exists an cr > such that v'(r) > u'{r) for r„i < r < rm + cr and hence v{r) > u{r) 
for rm l£ r < rm +cr- Let r, be the first r greater than rm for which v'{r) = u'{r). Using 
v{r^) > u(r,), |w| < 1, ([51^ . ([51^ . and ((51^ . we see that (u - -u)"(r,) > which 
contradicts w'(r*) = u'(r*). Therefore w'(r) > u'{r) for all r > r„i which implies that 



1 — w(r)^ < w(r) y r > rm ■ 
The general solution to (|5.16p is 



r r 



p^/^w'{p)dp. 



where Ci and C2 are arbitrary constants. So then 



C2 = ^ ( - 



3?' V r 



ri/2 



and hence 



1 

3r„ 




— +u{rm) + ^j^ 



Therefore 



1 - w^{r) < 



by dUll) 
by dllSl). 



p^^'^w' (p)dp y r > r„ 



(5.19) 



(5.20) 



(5.21) 
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As w' — o(r ^) it is easy to see that there exists a C > such that 

C 

Using the same arguments as in lemma 15.41 it follows from this inequality that w' = 
0(r~'^/^). Using this back in (|5.2ip we see that 

C 

1 — w^(r) < — V r > 

for any e € (0, !)• Again using the arguments from lemma [5^ we get that w' = 0(r~^'^) 
for any e € (0, 1). □ 

Since limr^oo w{r) ~ 1, we have 1 — w{r) — J^°° w'{p)dp and hence 

/•OC 

\l-w{r)\ < / \w'{p)\dp. (5.22) 



But w' = 0(r-2£) by lemma [521 and hence 1 - w{r) = 0(r-2e+i^ ^y ((O^ . Writing 
dSH) as 

^/ ^ ^ , (w - l){w + l)w 
w = —a w H ^ io. 26) 

we see that w" — 0(r^^'^~^) since |w| < 1, w' = 0(r^-^^), 1 — w{r) = 0(r~^'+^), and 
a' = 0(r~^). Using (|5.7p . lim,.^oo ct{r) = oo, and similar arguments, it is straightforward 
to show that a = 0{r~^) and a" = 0{r~^). □ 

We can now use the previous proposition to show that the gauge potential and its 
corresponding field arising from the solutions in theorem lS.ll lic in certain weighted spaces. 

Proposition 5.7. Suppose {w{r), a{r)) is one of the solutions from theorem \5.1[ IfWa 
is given by (|5.3p for a = 1, 2, 3, Wq — 0, and 

FZ = ^o^Wp - do^Wp + [W^^Wp] (5.24) 
then Wa e Alf for any 5i> -\,l<p <oo and F^^ £ Wjf {M.^ , 5u{2)) for any 62 > ~2, 

1 < p < CO. 

Proof. A short calculation shows that non-zero components of are 



F^ - e 1 



-X X 



Ti . (5.25) 



The proof then follows directly from theorem (O] proposition l5.3l formulas ()5.3p . (|5.25|) . 
and the definition of the spaces A^f , W^;^(R3, su(2)3). □ 

Remark 5.8. For the remainder of this report we will always assume that {'w{r),a{r)) 
is one of the solutions to the Euclidean Yang- Mills- dilaton equations (|5.6p - (|5.7p from 
theorem (15.11). 
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5.1 Solutions of the linearized Yang-Mills equations 

As will be seen later in section |S1 the main obstacle to having a complete proof of the 
existence of EYMd solutions is that we do not yet have a complete understanding of the 
solutions to the lYMd equations 

v" + (j,'w' + a'v' - ^^""^^^^ v = , (5.26) 

(^2^')' _ f w'^ + ^""'"Z^' ) ~ 2e" f w'v' + ^'"'^ ^^K ^ = , (5.27) 



2r2 ^ ^ 

that satisfy the boundary conditions 

w(r) = 0(r2) and ^(r) = 0(1) as r ^ 0. (5.28) 

Using the fact that w{r) and a{r) are analytic in a neighborhood and that w{r) = 
1— (3r^ +0{r'^) and a(r) = 0(1) as r ^ (see remark [5T2|) , it can be shown using theorem 
5.0.6 of [21] that there are exactly two linearly independent solutions (wi(r), (^i(r)) 
and {v2{r) , 4'2{f')) to (|5.26p - (|5.27p which satisfy the boundary conditions (|5.28p . The 
solutions are uniquely determined by the their expansions near r = 0: 

ui(r) = -/3r2 +0(r'') 0i(r) = -1 + 0(r2) (5.29) 

and 

V2{r) = -r^ + 0{r^) ^^{r) = 0{r^) (5.30) 

as r ^ 0. It also follows from theorem 5.0.6 of [21] that the solutions are analytic in a 
neighborhood of r = 0. This coupled with the fact that (w(r), a{r)) are analytic for r > 
implies that the solutions {vi{r), 4>i{^)) and {v2{r), (t>2{r)) are also analytic for r > 0. 
The following lemma shows that we can exactly determine the solution (i;i(r), 0i(r)). 

Lemma 5.9. 

0i(r) = ^a'(r)-l vi{r) = ^w'{r) (5.31) 

Proof. From (|5.8p we see that wp{r) = w{e^^'^r) and ap — a{e^^^r) — [3 defines a 1- 
parameter family of solutions passing through the solution (ii;(r), Q!(r)). Therefore, 



d 



dp 



d 



^('') 13 Wfj{r) — -w'(r') and 0(r) :— — ctisif) — 7;<^' {''') ~ 1 



/3=o ' 2 ^ ' ' dp 



/3=o ' 2 



must satisfy the linearized equations (|5.26p - (|5.27p . The fact that this solution satisfies 
(|5.29p follows from the expansions w(r) = \ — /3r^ + O(r^) and a(r) = 0(1). □ 

The fall of conditions for w(r) and a(r) as r — > oo imply that 

lim(i;i(r),0i(r)) = (O,-l). (5.32) 

r — *oo 

At the present, we do not have a understanding of the asymptotic behavior of ?' ^ oo for 
the solution {v2(T)^ (1)2 (r)). This is the main obstacle in our having a complete existence 
proof. However, we conjecture that 

lim |t-2(r)| + |(/.2(r)| =oo. (5.33) 
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If this were not true, then there would exist a bounded solution to the lYMd equations. 
It would then be natural to expect that there exists a l-parameter family of bounded 
solutions to the YMd equations which when differentiated gives rise to the bounded 
lYMd solution. As shown above, this is how the solution {vi{r),4>i{r)) arises. We note, 
however, that numerical evidence does not support the existence of l-parameter families 
of bounded solutions that pass through the YMd solutions from theorem 15.11 other that 
the family that arises via scaling (|5.8p . These solutions appear to be unique up to scaling. 

The difficulty in proving (|5.33p is that even though (|5.26p - (|5.27p are linear equations, 
we do not have very much information about the coefficients because they depend on the 
functions w{r) and 0(r) of which we know very little. This makes it difficult to determine 
the behavior of the solution {v2{r), (/)2(r)). However, we will show in the following sections 
how to prove existence of solutions to the EYMd equations under the assumption that 
(|5.33p is true. 

6 Differentiability of the field equations 

In this section we establish that the reduced field equations and the YMd equations 
define differentiable maps. In fact they define analytic maps. Before we proceed we first 
introduce some definitions. 

Let Ck{Bi, B2) denote the Banach space of /c-linear and continuous maps from the 
Banach space Bi into B2 with norm 

\\T\\ck{Bi,B2) sup{ ||r(a;i, . . . ,a;fc)||i32 I sup{||a;i||Bi, ■ • • , ||a;fc||Bi} < 1}- 

Definition 6.1. Let Xi and X2 be Banach spaces and let U be an open subset of Xi. 
A map T : U V2 is said to be analytic if for each x €z U there exists a R > and a 
sequence Tk G Ck{Xi^ X2) of k-linear symmetric maps such that 

00 

k=a 

and 

00 

T{y) = ^Tk{y -x,...,y-x) for all y with \\y - x\\xi < R- 

We use C^{U, X2) to denote the set of all the analytic maps from U to X2. 
An open ball in a Banach space X will be denoted by 

Bx{x-R) -.^{yeXlWx-yWx <R} 
We then have the following useful proposition: 

Proposition 6.2. Suppose u G C^(i?i{n (0; i?), M) satisfies u(0) — 0. Furthermore, sup- 
pose X is a commutative Banach algebra where C is any constant such that \\xy\\x < 
C||a;||x||y|| for all x,y Cz X . Then the map 

00 ^ 

u:X"^X: {xu . . . ,a;„) ^ - {d'u{0)) . . . 

|/|=i 

is of class (r(Bx(0;p)",X) for p = R/C. 
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Note that 



/-A 0\ 

10 

10 

\ 1/ 



(6.1) 



so that 



A=0 



/O 0\ 
10 
10 
\0 1/ 

As in [16], we define for any weakly differentiable map u 



(6.2) 



daU for a 7^ 
for a = 



We now collect some results from [16] concerning the analyticity of various quantities 
involving the density il. 

Proposition 6.3. [Proposition 3.10, [16]] Suppose p > 3/2 and —1<S<0. Then for 
any R > there exists a A > such that the following ma,ps are of class : 



(-A, A) X B^2,p(g3,s)(0;i?) W^^'^'(M^§) : (A,il) ^ {r'' - 
(-A, A) X B^2,p,g3 s)(0;i?) ^ W^^'P(K3,§) : (A,il) ^ (fla/, - ^ocp) 



(-A,A) X B^^.,.(j,3,s)(0;ii) - W]'^{m.^) : (A,il) ^ - 1 
for q = —3,— 2,— 1,1,2. Moreover, the following expansions are valid 

|0| - 1 = -4Ail°" + 0(A2) , V^-l = -2Aii"" + 0(A2) , 



1 

7^ 



^ - 1 = 2Ail°° + 0(A2) , (fl„^ - fl„^) = -4A(5°,5^)il°° + 0(A2) . 



Proposition 6.4. [Proposition 6.2, [16]] Suppose p > 3 and — 1 < ^ < 0. Then for any 
R> there exists a A > such that the Christoffel symbols 

: (-A,A) X B^.,.(j,3,s)(0;i?) - W^Jfi(R') 

are of class for all a,/3, 7 = 0, 1, 2, 3. Moreover, the following expansion is valid 

r^7 = r^7L=o + o(A) 

where 



■ 01 1 A=0 



iioo^ if I3 = ^ = Q anday^O 
otherwise 
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Proposition 6.5. Suppose p > 3 and —1 < S < 0. Then for any R > there exists a A 
such that the map 

{E~A): (-A, A) X B ^^^{0; R) ^ n^,U^\S) : (A,il) ^ [E^^ - Aii^^) 

is of class where E"^ is defined by p.l9[) . Moreover, 

D2{E - A)(0,il) • = + ,5il°"^''il"°'" - . 

o 

Proof. The proof of this proposition is contained in the proof of proposition 4.2 in [16]. 

□ 

Let 

- K^^,, - -^-^^r'-iFa.lFp.)] , (6.3) 

and 

T] {F^j,. - r'^.^w - V^f^ + 2«V^,.^aj + [A,,F^,]) . (6.4) 

The YMd equations are then = (Tj) = and = 0. Note that the Yang-MiUs 
equation Tj = appears to be missing a component. However, due to our assumption 
that the fields a static and spherically symmetric it follows that Fao = and Tf^ — and 
hence that f3 = component of the Yang-Mills equation (I2.23|) is automatically satisfied. 
We will split the gauge potential A and the dilaton field ip as follows 

A{x) = W{r) + Y{x) = Wa{r)dx°' + Ya{x)dx°' (6.5) 

and 

ipix) = a{r) + ^{x) (6.6) 

where Wa{r) — Sl^r~'^{w{r) — l)ei^kX^Tj and and a{r) are to be considered as fixed. 
Recall that we are assuming that (w{r),a{r)) is one of the solutions to the Euclidean 
Yang-Mills-dilaton equations from theorem 15.11 Under the splitting (|6.5p , the gauge 
potential decomposes as 

Fc.p = F^p + Flp + [y„ , Wp] + [W^ , Yp] (6.7) 

where F^ is defined by (|5.24p and 

F^p -.^ do^Yp - dpY^ + [y„ , Yp] . (6.8) 

Note that only Fap and F^ define field strengths. The quantity F^^ does not define a 
field strength as Ya does not transform as a gauge potential under gauge transformations. 

Proposition 6.6. Suppose —2 > S > —1 and p > 3. Then for any R> and a,(3,j — 
0, 1, 2, 3 the following maps are 

^W'^-(M3,,u(2)3)(0;i?)^ W^^^(IR^su(2)) : {Y,)^F^p, 

and 

5iy^-(M3^.u(2)3)(0;i?)-- t^L^2(I»'-Su(2)) : (Y,) ^ [A^, Fp^] , 
where Aa and Fap are given by the formula (|6.5p and (|6.7p . respectively. 



19 



Proof. The proof is a direct consequence of lemma 13.31 and proposition 15.71 □ 

Proposition 6.7. Suppose p > 3 and — 1 < (5i < and —2 < S2 < —1. Then for any 
R > there exists a A > such that the map 

T : (-A,A) X B^y2,p(jj,3 g-|(0;i?) x B ^2.p ^^^3 ^^^^^^^^^-^{O; R) x B ^2.p ^^^-^iO; R) 

— > W^f_2(K')x l^f_2(M^5u(2f) : (A, U, y, ^ (T^, T^) 

is of class . 

Proof. Follows easily from lemma 13.31 and propositions 16.21 16. 3[ 16. 4[ and 16.61 □ 

Proposition 6.8. Suppose p > 3 and — 1 < (5i < and —2 < 82 < —1- Then for any 
R > there exists A > and e > such that the maps 

T : (-A,A) X B^y2.p(g3,s)(0;i?) x B ^^.^ ^^^^(^r^iO; R) x B^y2,p(jj3)(0; i?) 

^ <"_(2+e) ■■ (A,ii,y,0--(r"'') 

and 

T : (-A, A) X B^y2,p(jj3 g)(0;i?) x 5iy2^p(R3 5^,(2)3) (0; i?) x S^y2,p(jj3)(0; i?) 
^ ^^Jf_(2+.)(K',S) : (A,il,r,0^(T"^) 

are of class . 

Proof. Follows easily from lemma 13.31 and propositions 16.21 16.31 and 16.61 □ 

We now prove spherically symmetric versions of propositions 16.51 16.71 and 16.81 

Proposition 6.9. Suppose p > 3 and —1 < 5 <Q. Then for any R > there exists a A 
such that the map 

(E-A): (- A, A) X B^2,p (0; R) ^ it^l^a ■ (A, ^ (E''^ - Ail"'') 

is of class . Moreover, 

D2{E - A)(A,il) • 5it = (,5it"°'"il°""3 + - 0"''|^^Q(5il°*'^^il°",^) . 

o 

Proof. Given i?, let A be determined as in proposition l6.51 By straightforward calculation 
it can be shown that if il S Cg°(M^, §) n B^2.pf^^3 s)(0; R) then 

(^;- A)(il) e Cg°(R3,§). Consequently (£; - A) (cg°(R3, S) n Bw2,p(jj3,s)(0; i?)) C 

Cg°(R3, §). Therefore {E - A) (Sj^2.p(0; i?)) C U^^']!^ by the density of Cg°(M3, §) in Zi^-P 

for ?7 G M, and continuity of the map {E — A) by proposition 16.51 The proposition now 
follows from proposition 16. 51 □ 
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Proposition 6.10. Suppose p > 3 and — 1 < (5i < and —2 < 82 < —1. Then for any 
R > there exists a A > such that the map 



T : (-A, A) X B^2.p{0;R) x B_^2.p{0;R) x B^2,p{0;R) 

is of class . 



Proof. As in the proof of proposition 16.91 straightforward calculation shows that if 
il e Co°°(]R3,§) n i3w2,,(g3,s)(0;i?), Y (EA^n i?w^^p(K3,,,(2)3)(0;i?) and C G Cg°(M3) n 

B^2,p(]g3)(0;i?) then T(r,a) e Cjf (M^) n x n We then argue in the same 
manner as proposition 16.91 □ 



Proposition 6.11. Suppose p > 3 and —1 < 5i < and —2 < 82 < —1. Then for any 
R > there exists A > and e > such that the maps 

T : (-A,A) X B^2.p{0;R) x B^2.p{Q;R) x 5^2,^(0; i?) 

5^ 82 ^1 

-^^sU+.) ■■ (A,ii,y,e)--(r"^) 

and 

T : (-A,A) X B^2,p(0;i?) x B^2,p(0;i?) x B^2.p{0;R) 

Si S2 Si 

are of class . 

Proof. See the proofs of propositions 16.91 and 16.101 □ 

From (|3.2p and propositions 14.21 16.91 and 16.111 we get the following: 

Proposition 6.12. Suppose —l<5i< 0, — 2 < < —1 and p > 3. Then for any 
R > there exists a A > such that 

E : (-A,A) X Bjj2.p{0-,R) x B^2.p{0;R) x B^2.p{0;R) — > U^f 

Si S2 Si 

: (A,5i,r,e) >-> (il"'^ - {T"^ - {E"!^ - Ail"'^)}) 

is of class . 

From the definition of S it is clear that the reduced field equations (|2.17p are equivalent 
to S = . 



7 Solving the reduced field equations 

We now employ the same method as in [16] to find solutions to the reduced field equations. 
Namely, we first solve the reduced equations for A = 0, and then use an implicit function 
argument to show that there exist a solution for A small enough. 
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7.1 A = 



Assume -1 < (5i < , -2 < ^2 < -1, p > 3 and for fixed i? > let A > be as in 
proposition 16.121 From the expansions in proposition 16.31 and (|2.10p we see that 

r -ilO°'"il™''^ + i5"^'|gradU™|2 ifa^0,/3^0 
^ Ia=o = ^^ +1 otherwise ' ^^'^^ 



o o 



and 

Therefore 



A=0 



:zan-Piy -ar 
fl 

o o o 



A-0 



o o o 



(-^/j.cr I 



where 



r 



•001 



IA=0 



0, T°^' 



A=0 



, and 



A=0 



AT 



is the stress-energy tensor for the Euchdean YMd equations on M"^. So then 



s(o,ii,r,o = o 



AilO" = 
AilOJ = 



TV 



Ail^J' = itO"^*il"°'^' - i(5*^'|gradll"0|2 + 47rGr*J 



The first equation Ail*^" — can be interpreted as the Newtonian gravitational equation 
for the gravitational potential il*'" [20] . The vanishing of the mass density (T*'° | = 0) 
decouples the Newtonian potential from the YMd fields in the limit A ^ 0. For other 
matter fields such as perfect fluids, this decoupling does not occur as T^^j^ ^^ ^ [16,20]. 
The invertibility of the Laplacian (Theorem 13. 4p then implies that 



N . 



= , 11°^' = , and il^^ = 47rGA"ir'^' 
solve S(0, it, Y,C) = for any Y £ S_^2,p (0; R) and $ G B^2.p (0; R). 



(7.2) 



7.2 A ^ 

Proposition 7.1. Suppose — 1 < (5i < 0, —2 < 62 < —1, and p > 3. Then there exists a 
A > 0, € > and a C°° map 

it : (-A, A) X (0; e) x B^.., (0; e) ^ Uf^^ : (A, F, ^ ^ ii(A, F, = (il"''(A, Y, 0) 

sitc/i that E{X,i!i{X,Y,£,),Y,£,) ^ /or all {X,Y,£,) £ (-A, A) x B^2.p(0;e) x 5^2,^(0; e). 
Moreover, it safe/?es £lOO(0, 0, 0) = 0, 1)211°° (0, 0, 0) = 0, and L'3ii°°(0, 0, 0) = 0. 
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Proof. Fix R > and let A > be chosen so that the maps E — A and T are 
of class which we can do by propositions 16. 9[ 16. Hi and 16.121 Then we can solve 
2(0,11,0,0) = by ([721). Let itb denote the solution. Note that = by So 
T)2{E — A)(A,il{,) = by proposition (|6.9p . From the expansions in proposition 16. 3[ and 
formula (j^lU)) it follows that D2T(0,llh, 0, 0) = 0. Therefore from the definition of S it 
is clear that 

D2S(0,ilb,0,0) = I^2.p, (7.3) 
and hence by the implicit function theorem there exists a A > 0, e > 0, and a C°° map 
il : (-A, A) X B^2., (0; e) x B^2., (0; e) ^ U^^f ■ ^> ^ ii(A, 1", = (H"^(A, F, ^)) 
such that 

EiX,il{X,Y,O,Y,O = (7.4) 
for all (A,y,^) e (-A, A) x _B_^2.p(0;e) x B^2.p{0;e). Differentiating (L^ with respect to 
Y and using (|7.3p we find 

D2it°" (0,0,0) - -i53S"°(0,llh,0,0). (7.5) 

But 

{F^a\SF,r)] - l{SF,^\F,r)s'"'r^3"^)^^ 

where 

(Ji^a/s = d^SYp - dpSY^ + [SY^, Yp] + [Y^,SYp] + [SY^^Wp] + [Wo,,SYp] (7.6) 

and Fap is given by the formula (|6.7p . Setting A = we get, by (|2.10p . (|6.2p . and the 
expansions of proposition [6Jl that D2S"''(0,ll6, 0, 0) = 0. Therefore D2it°"(0, 0, 0) = 
by dLl]). Similar calculations show that D3il°°(0, 0, 0) 0. □ 

8 Solving the YMd equations 

Suppose — 1 < (5i < 0, ~2 < 62 < —1, p > 3 and let A, e and il be as in proposition 17. II 
Then by the results of propositions 16.101 and 17.11 the map 

t : (-A, A) X i?^2..(0;e) x B 2,.(0;6) ^ x (8.1) 

defined by 

t(A,y,C) :-T(A,£t(A,r, 0,^,6 (8.2) 

is C°°. Define 

f;^^(A,r,o :=r^^(A,£t(A,r,o). 

Then (|2.25p . (I2.10p . (|6.2p . the expansions of proposition 16.31 and proposition 17.11 show 
that 

f^^(0, 0, 0) = , D2f^^(0, 0, 0) = and Dif ^^(0, 0, 0) = . 
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Using this result along with (|2.10p . (|4.5p . (|6.2p . and the expansions of proposition! 
we find after straightforward calculation that 



T2(0,0,0) = Aa- — ^e"""<5^^'(5'='(i^J|F?f) (8.3) 



ti(0,0,0) = {5^\dkF^ ^^2KF^dua + [W^,FYu])) (8.4) 

and 

D2ti(0, 0, 0) • (5r = (A(5yj + 5'''{[5Y,,dkWj] 

+ [W,,dk5Y.j\ + 2K.F(5y),,9fca + [&Yk,F^] + [14^;,, .F((5r)y])) , (8.5) 

D3ti(0,0,0) • ,5^ = {2KS'''F^dk60 , (8.6) 

D2T2(0,0,0) -(Jr = ~2-^e^'"'S'^S''\F^\T{SY)ji) , (8.7) 



03X^(0,0,0) • = A<5e- 2/c^5ee'""'5''^ j'-''(i^r|Ff ) , (8.8) 

Id 

where 

^((5r)„,3 da^SYp ~ dpSY^ + [(JFo, W^] + [W^,5Yp] . (8.9) 

Observe that 

t^O, 0, 0) and t^(0, 0, 0) = (8.10) 

since {W,a) satisfies ([ET|) - (IO)) . 

We can collect (|8.5p - (|8.8l) into a single matrix expression 



where 



-^21 -^22 



and 



+ 2KT{6Y),,dka+[5Yk,F^] + [W^fe,.F(5y)„])) , (8.12) 
K^^-5i:^{2n5^^F^dk50, (8.13) 



• -5^ -2^e2''"<5''^',S'='(i^r |.F(5F),,) , (8.14) 

-1 



^22 • := -2K'^5ie^'^-6^=5^\F^\F]^) . (8.15) 



In order to use the implicit function theorem we need that 

is an isomorphism. As the next result shows, it will be enough to establish that ker/C 
{0}. 
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Proposition 8.1. kcr/C = {0} if and only if IC is an isomorphism. 

Proof. Since —2 < $2 < —1 and —1 < 6i < 0, there exist and e > such that K(AI'^ x 
^af) C ^5f_(2+,)X2'lf_(i+,) bylemma[331 But the embedding ^;|f_(2^^j xl?]f_(2^^^ ^ 
^°f_2 X ^°;-2 is compact by lemma |33] and hence K : A^f x Vgf A°sf_2 x V°f_^ is 
compact. As A © A : A^f x I?^^^ — > ^^52^2 ^ -^51-2 an isomorphism by propositions 
14.11 and 14.31 it follows by compactness of K that Index (A © A + = and the proof 
is complete. □ 

The difficulty in proving that ker/C = {0} lies with the fact that the spectrum of 
K. contains both a (strictly) negative and positive component. The negative part of the 
spectrum accounts for the well known instability of the Yang-Mills-dilaton solutions. It 
also means that one cannot expect that ker/C = {0} can be proved by a integration by 
parts argument. 

Proposition 8.2. // (|5.33p is valid, then 

JC : A'sf X Vlf ^°f_2 X V",f_, 

is an isomorphism. 

Proof. Suppose {SY, S^) G Af;^ x vf^ is a solution to 

^(^^^)=0. (8.16) 

We observe that JC is uniformly elliptic and has C°° coefficients since W and a are 
C°° by ()5.ip . Therefore by elliptic regularity, see [13] theorem 9.19 or [12] theorem 3.6, 
<5y e C°° n A%P and (5^ e C°° n Vf^. Letting 

<l) = 5^ and 5Y, = ^e.^'^x'^rj, 

shows that (w(r), (/)(r)) satisfy the equations (|5.26p - (|5.27p . Also since 5Y and 6^ are 
smooth it follows that v{r) and 4>{r) satisfy the boundary condition (|5.28p . From our 
discussion in section [5Tl we know that there must exist constant Ci i = 1, 2, 3, 4 such that 
v{r) — ciVi{r)+C2V2{r) and (j){r) = C3(j)i(r)+C3(j)2{r). Assuming that V2{r) satisfies (|5.33p 

^ff and SY i 

We are now ready to solve the YMd equations. 



it then follows from ([532| that 5^ ^ V]'^ and 5Y ^ A]]^ and hence ker/C = {0}. □ 



Proposition 8.3. Suppose —\<6i< 0, —2 < 82 < —1, p > i and let A and e be as in 
(|8.1[) . If {w{r), a{r)) is one of the solutions from theorem (|5.1[) of the Euclidean YMd 
equations ()5.1|) - (|5.2p and ()5.33|) holds then there exists A G (0, A) and two C°° maps 

y : (-A,A) ^ B,2,p(0;e) and | : (-A, A) B^s.p.^^ (0; e) 

^2 

such that Y{0) = 0, ^'(0) = and f{X,Y{X),i{X)) = for all A e (-A, A). 

Proof. Because /C : A^'^ x I?^^^ ^ ^52^2 ^ ^5j-2 an isomorphism by propositions 18.21 
we can apply the implicit functions theorem to get the desired result. □ 
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9 Solving the EYMd field equations 



By the propositions 17.11 and 18.31 we can solve the reduced field equations (|2.18[) and the 
YMd equations ((2?23| - ((2?24| . Using the following resuh of Heilig [16], we will see that 
this solution will actually be a solution to the full EYMd equations. 

Proposition 9.1. [proposition 6.1, [16]] Suppose —l<S<0,p>3, and A > 0. 
Furthermore, suppose 

T: [0,A] ^ W°:f2(I*^S^)nCl(R^S3) : X^iT^) 

and 

H: [0,A] ^ W^'^(R3,§3) : {Idf) 

are two continuous maps such that for every X G [0,A] ; (A, il"'', T"'') is a solution to 
the reduced field equations \ 2.17\ V/jT"^ — 0, and d^T"^ e B^o.p ^^3^(0,7?) for some 

R > independent of X and a,P,j. Then there exists a constant A G (0, A] such that 
da^Uf = for all X e [0,A]. 

We are now ready to show that to each one of the Euclidean YMd solutions {wn{r), an{r)) 
n = 1, 2, 3, . . . from theorem 15. ll for which (|5.32|) holds, there exists a solution to the full 
EYMd equations. 

Theorem 9.2. Suppose — 1 < < 0, — 2 < ^2 < 1, p > 3 and let (u'„(r), 0„(r)) 
be one of the solutions to the Euclidean Yang- Mills- dilaton equations from theorem ] 5. 11 
If condition (j5.33[) holds for the solution {wn{r), a{r)) then there exist a A > and 
maps il : [~A,A] ^ U'^f : A ^ (ilf ) , Y : [~A,A] ^ A^f : A ^ (Y^) 
, and ^ : [-A,A] V^f : X >^ such that {Y°,^°) ^ (0,0) and for any X e 

(0, A] {X,U.l^,A^ = M/" + Y^,^^ = an+ is a solution to the EYMd equations 
(12. 7|) . (|2.23|) . and (j2.24p . Moreover, the solution is static, spherically symmetric, and 
asymptotically fiat. 

Proof. Let «„) be one of the solutions to the Euclidean YMd equations from theorem 
Oand let = 6l,r-^{wjr) - l)ei\.a;'=Tj . If we assume that (j5.33p holds for the 
solution {wn{r),an{r) then by propositions 17.11 and 18.31 there exists a A > and G°° 
maps il : [-A, A] Uf^ , : A ^ (ilf ), Y : [-A, A] A^f : A ^ {Y^) , and 
e : [-A, A] Vlf : X^S,^, such that (y", = (0, 0), and 

S(A,it(A),r(A),e(A)) =0, T(A,il(A),r(A),e(A)) =0 

for all A G (—A, A). To reduce notation, we will often write 11, Y and ^ instead of Ha, 
y^, and C^. 

Lemma 9.3. There exists a A* e (0, A] such that A^ = W + Y^,tp^ = a„ + G 
for allXe (-A*,A*). 



26 



Proof. Let C K'^ be an open ball of radius R centered at the origin. Then ip, -0,0, 
il"'',^ , Ac, Aa^f) e W^'^'(Bij), where recall that A = W" + F and ?A = a„ + ^ As 
W^'^(B/j) is a Banach algebra, we have 



Qzk ^ ^Q^kl^^^ ._ +4A2il»fc)5' _ 4A2il"=^,5;) e W^'^'(Bfl,,M3x3) 

and hence f,hj,g^^,Q^'''^j e C'^'^^'^^^(Bfl) by the Sobolev embedding theorem. Notice 
that YMd equations T(A, 11(A), F(A), ^(A)) — can be written as 

^92^ = / and Q'^'jdlAi = h,. 



By the weighted Sobolev inequality, [2] theorem 1.2 (v), the embedding W5^^(]R , § ) — > 
^04-3/p^.jj3^§3) jg continuous and hence the map (-A,A) -> C°;^"^/^(M3, S^) ; A ^ 
U{X) is continuous. Therefore there exists a A* G (0,A) such that the operators Q^-'dfj 
and Q'^dfj are uniformly elliptic with coefficients in C°;^"^/''(R3) for aU A e [-A*, A*]. 
By elliptic regularity, Aj = Wj+Yj^ and = a+ip^ are in C^(Bjj) for aU A e [-A*, A*]. 
As A* is independent of R the result follows. □ 

It follows immediately from equation p.27p , proposition 16.81 ^^id the above lemma 
that the hypotheses of proposition 19.11 are satisfied. Therefore we conclude that there 
exist a constant A g (0, A*] such that 

d^iif = (9.1) 

for all A G [0, A]. This implies that the full EYMd equations are equivalent to S = and 
T = and hence (A,ilA, W + Y^,ip^ ^ a + satisfy the EYMd equations for aU 

A e (0,A]. 

Using (|9.ip , the reduced field equations S = can be written as 

where 77"'^ = -A°''^ - B°'P - C^^ + 47rG|c)|T"^. We can then argue as in lemmai^nito 
conclude that 11"^ € C^. □ 



10 Conclusion 

In this paper we have shown how to reduce the existence problem for static spherically 
symmetric solutions to the SU{2) EYMd equations to that of proving the non-existence 
of solutions to the lYMd equations by using a Newtonian perturbation argument. We 
conjectured that solutions to the lYMd equations satisfy (|5.33p and showed that if this 
is true then there exists a countably infinite number of static spherically symmetric 
solutions. 
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Numerically it has been found that the EYMd equations also admit static axially 
symmetric solutions [17]. There is nothing in principle from generalizing the results of 
this paper to the non-spherically symmetric case. To make progress in the non-spherically 
symmetric case a PDE proof that the lYMd equations have only the trivial solution would 
be needed. However, as discussed in this paper, even in the spherically symmetric case, 
this is a difficult problem and would represent a significant advance. The other main 
problem would be to try and prove that static axially symmetric solutions to the YMd 
equations exist. Even though this problem would be much simpler than proving the 
existence of solutions to the full EYMd equations it still represents an extremely difficult 
problem. 
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